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Given a finite set of points S = { } ,x,....,x 1nk1 −∆⊆  the standard
n-1 simplex in  we define : ,RI n
 
1. ( ) { } ni,km,j:xxmaxSd mijii ∈∈∀−=  
Where xj = { } kj,x,....,x jnji ∈ .
 
Note that the distributions for di (S)are the same n∈∀ i . 
 
2. d(S) = max{di (S): i∈n} 
 
It is an easy exercise in Crofton's Theorem (2.2 of [2] or 
C h a p t e r  5  o f  [ 3 ] )  t o  o b t a i n  e x p r e s s i o n s  f o r  t h e  p r o b a b i l i t y  
distribution of di(S). 
We present these in section 2 below. 
 
The main purpose of this paper is to obtain an expression for the 
cumula t ive  p robab i l i ty d i s t r ibu t ion  o f d(S)  fo r a  g iven  n  ≥  2  and  
k≥2  ( see   3 .4 ) .  
This is achieved in section 3 by a crucial use of the agreement or 
c lus te r ing measure  c (S)  ,  s ee  [1 ]  ,  fo r  a  f in i t e  se t  S  .  1−∆⊆ n
In  3 .5  we provide calculat ions of  the  above probabi l i t ies  for  some 
values  of  n  for  k  = 2.  
The ra the r messy express ions  fo r  the  p robab i l i t i e s  con t ras t s  wi th  
the  same  measure  d (S)  for  S  =  k  po in t s  in  [0 ,1 ] n ⊆ nRI .  
I t  i s  easy to  show,  using the independence of  the coordinates ,  
probabi l i ty  d(S)≤λ  =  λ n ( k - 1 ) (k-(k-1)λ )n
Notation
The  on ly non-s tandard  no ta t ion we use i s to deno te for n  ,  NI∈
{ } { }nnx1 :NI  x ,..,2,1=≤≤∈=n  
 
2.Distribution of id (S)
Suppose  tha t  we  have  k  po in t s  S  =  { } .x,....,x 1nki −∆⊆  Choose  a  
coord ina t e ,  say  the  i th .  
L e t  ( ) { } ni,kmj, : xx maxSd mijii ∈∈∀−=  
where  x j  =  ( ) kj,x,....,x jnji ∈  
 
1 
We can  app ly  Crof ton ' s  Theorem to  ob ta in  the  fo l l owing  expres s ion  
fo r  the  cumula t ive  p robab i l i ty   o f  dλn.kp i (S ) .  





λ αλ+−λ−−= ∫∑  
Where 










−=α ∑   
I f  bo th  n  and  k  a re  odd  then  0=α .Th i s i s l e f t as a p leasan t  
Exerc i se  fo r  the  reader .  
Examples 
1.   432λ3,3 3λ8λ6λP +−=
2. 


























3 .  The p .d . f . fo r   i n the case k  =  2 can be ca lcu la ted  )S(di










− −− ∫  
 o r  by d i f fe ren t i a t ing  2 .  we  ob ta in  the  equ iva len t  express ion  fo r  
the  p .d . f .  


































3.Distribution of d(S) 
 
F i r s t  we  ou t l ine  some  bas ic  r e sul t s  needed  in  th i s  sec t ion .  
3.1 greement Measure Background  A
Let  be a  random { } k∈=∆⊆= − j,)x,...,x(xwherex,...,x S jnj1j1nk1
se t of  k  no t  necessa r i ly d i s t inc t  po in t s .  
Let { }kx ∈∀= j:min  a jii . 






⊂S)  was d i s t r i bu t ed a s a  b e t a d i s t r i b u t i o n w i t h p a r a me t e r s 
( n - 1 ) ( k - 1 ) ,  n .  
F u r t h e r m o r e ,  g i v e n  S  w e  o b t a i n  a n  o r d e r e d  k - p a r t i t i o n  o f  n ,  
A i , … , A k  ,  w h e r e  A j  = { i }: jii xa =∈ n . ( w e h a v e t o  a s s u m e  t h a t  
S  i s  i n  g e n e r a l  p o s i t i o n - s e e  2 . 5  i n  [ 1 ]  -  a l s o  a t  l e a s t  t w o o f 
t h e  s e t s  A 1 , … A k  a r e  n o n  e m p t y . )  
 
I f  ,,...,1, kjAr jj ==  t h e n  t h e  p r o b a b i l i t y  t h a t  S  h a s  t h e  







(see theorem 20 in [1]) 
 
3 . 2  S u b s e t s  o f  a n d  t h e i r  m e a s u r e s .  1n−∆
O u r  a p p r o a c h  i n  t h i s  s e c t i o n  i s  t o  f i n d  p r o b a b i l i t i e s  b y  c o n s i d e r i n g  










n 1, 0  1,:),...,(
t h e n  g i v e n   w e  d e f i n e  t h e  u n i q u e  r e g u l a r  ),...,(, n1
n xxxBx =∈
s u b s i m p l e x  o f  s p a n n e d  b y  )(x∆ 1n−∆ niyyx(i) n1 ∈= ),,...,(  where  
,, ijxy jj ≠=  





see 2.4 in [1]). 
 
3 
o r  g i v e n ,  ,, RIan ∈∈
L e t  λay,)y,...,y(yRI y(RH(1, Ln1
n ≥=∈=
We  t h e n  h a v e  f o r   nn1 Bxxx ∈= ),...,(
)xH(n)xH(1,x n111n ∩∩∩∆=∆ − ...)(  o r  { } )1..(..........,),...,(:)( iin11n xyyyyyx ≥=∆∈=∆ − .  








∑−−=∆ )1())(( ,  r e g a r d e d  a s  a  s u b s e t  o f  .  1n-RI
D e f i n i t i o n  
L e t   w h e r e  nRI  b , a ∈ ),...,(),..., 1 nn1 bbb a(aa ==  
We  d e f i n e   w h e r e  c),...,( n1 ccba =⊕ i  =  ma x  { a i  ,  b i } .  
N o t e  t h a t  i t  i s  p o s s i b l e  f o r  a , b  b u t  .  nB∈ nBba ∉⊕
C l e a r l y ,  i f  a  , b  , … , w   t h e n  nRI∈ wba ⊕⊕⊕ ..  i s  w e l l  d e f i n e d .  
L e m ma  1  
L e t  a  , b  , … , w ,  nB∈
1 ,  nBw..baifw)..b∆(a  ∆(w)..∆(b)∆(a) ∈⊕⊕⊕⊕⊕⊕=III
2 .  nB w .. b  a if  ∆(w)..∆(b)∆(a) ∉⊕⊕⊕= φIII
P r o o f  
F o l l o w s  d i r e c t l y  f r o m ( 1 )  a b o v e .  
E . O . P .  
A s  a n  a p p l i c a t i o n  o f  l e m m a  1  w e  c o n s i d e r  t h e  p r o b l e m  o f  f i n d i ng  
t h e  v o l u me  o f  t h e  u n i o n  o f  s  s u b s e t s   ,  i n  t h e si , ASi ∈⊆
s p e c i a l  c a s e  w h e r e  e a c h  o f  t h e  S i  i s  a  p a r t i c u l a r  r e g u l a r  
s u b s i mp l e x  o f  A = ,  1n−∆





t h e  n u mb e r  o f  e l e me n t s  o r  o r d e r  o f  T .  L e t  V  b e  t h e  v o l u me  o f  
s1 S...S UU .  
B y  t h e  c o mb i n a t o r i a l  p r i n c i p l e  o f  i n c l u s i o n - e x c l u s i o n ,  C h a p t e r  5  
O f  [ 4 ] ,  w e  h a v e  
T





N o w  l e t  ni    i ∈∀=∈ ,)0,.,0,1,..,0,0(  ,  b e t h e s t a n d a r d  u n i t  v e c t o r  
w i t h  i t h  c o o r d i n a t e  = 1  a n d  t h e  r e s t  0 .  
F i x   a n d  l e t  ,10, ≤≤ λλ .,..,,)( n1  i   λe  S ii =∆=  
N o t  t h a t  t h e  v o l u me  o f  1ni λ11)(n
n
λe∆ −−−= )(!)(  
4 
I t  i s  easy  to  see  tha t  { }λ:x∆)x,...,(x  S i1nn1i ≥∈= −  





n1i  λxthatsuch j :∆)x,...,(x    S
=
− ≥∃∈=  
{ }{ } ..(2).......... λx:∆)x,...,(x  jmaxnj1nn1 ≥∈= ∈−  





















 = oo(T)λ1 if o(T)(1 1)(n
n 1n ≥−−−
−  
 =  0  oo(T)λ1i ≤−+  











Where :  
NI m ∈  i s  such  tha t  m = min{n,  b}  
and  i s  such  tha t  NI  b ∈ 1b
λ
1b +<≤ .  





The  fo l lowing Lemma is  wel l  known,  ( see  2 .14  of [2] )  
however the proof we present here is, we believe, new and is 
elementary depending only upon Lemma 1 and the inclusion-exclusion 












Lemma 2  
Le t  be  a  r andom po in t  i n  )x,...,x(x n1= 1n−∆ .  
Then  the  p robab i l i t y  t ha t  max  { } λ≤n1 x,...,x  i s  











− .  
P roo f  
Now we  have  f rom (2 )  t ha t  g iven  a  r andom po in t  ,  t he  1nn1 ∆)x(x −∈,...,
probab i l i t y  t ha t  a t  l e a s t  one  o f  i t  coo rd ina t e s  i s   i s  λ≥
[ ] }
λ







+ .  












1,{nminm,rλλ(11)(q(λ(1p(λ( .  
E .O.P 
3 .3 Simplexes  and  Barycentr i c  Coord ina te s  
Le t  be  an  a f f i ne  i ndependen t  s e t  o f  vec to r s  i n .  }V,...,V{A q1= pRI






iiqq11 q}i,1λ0,1λ:vλv{λ  ∆(a) ...  
I f  qq11 vλ...vλ  xand∆(A)  x ++=∈  t hen   a r e ca l l ed 
the  ba rycen t r i c  coo rd ina t e s  o f  x .  
)λ,..., (λ q1
U s i n g  t h e  b a r y c e n t r i c  c o o r d i n a t e s  g i v e s  a n  a f f i n e  l i n e a r  
i s o m o r p h i s m  f r o m  t o  t h e  s t a n d a r d  s i m p l e x  .  )A(∆ 1q∆ −
We then  have  
 
Lemma  3  (No ta t i on  a s  above )  
Le t  x  be  a  r andom po in t  i n  )A(∆ wi th  ba rycen t r i c  coo rd ina t e s  




















3 . 4  C a l c u l a t i o n s  f o r  D ( S )  
 
L e t  S  =  1nk1 ∆}x{x −⊆,...,  w h e r e  kj,)x(xx jnj1,...,j ∈=  
a n d  f u r t h e r mo r e  we  a s s u me  t h a t  c ( S ) ∑−= ia1c  w h e r e  
k}j:{xmina jii ∈∀= .  
A l s o  w e  a s s u m e  t h a t  t h e  a s s o c i a t e d  k - p a r t i t i o n  Π  }A {A k1 ,...,=
w h e r e  jj Ar = .  
N o t e  t h a t  a t  l e a s t  t w o  o f  t h e  s e t s  }A{A k 1 ,...,  a r e  n o n  e m p t y .  
I f  w e  l e t  a ( p ) =  n1P,)a,...,aa-,1a(a npi1p 1 ,..,,..., =+∑−  
T h e n  t h e  s e t  A  =  { a ( l ) , a ( 2 ) , . . , a ( n ) }  i s  a n  a f f i n e  i n d e p e n d e n t  s e t  
s p a n n i n g  t h e  s i mp l e x   w h i c h  i s  t h e   s ma l l e s t  r e g u l a r  s u b s i mp l e x  )A(∆
o f   c o n t a i n i n g  S .  1n−∆
L e t  ,  a n d  w e  t h e n  h a v e :  k∈∀>∈<= jAi:{a(i)σ cjj }
 
1 .   I n t  ∈jx )(σj
2 .  S i n c e  j
c
j σ,2A ≥  i s  a  r e g u l a r  s i m p l e x  o f  e d g e  l e n g t h  √ 2 c ,  ( s e e  
2 . 4  o f  [ l ] )  
3 .  jiin1j Ai,ay)y(yy,σy ∈∀=⇒=∈ ,.., .  
 
F i x  .  k∈j
L e t  }kS1,ni1:xx{maxd sijii ≤≤≤≤−=  








=  w h e r e  t h e   a r e  t h e  b a r y c e n t r i c  c o o r d i n a t e s  o f  iλ




















L e m ma  4 ( No t a t i o n  a s  a b o v e )  
}Ai:maxcd jij
ε∈=  λ{
P r o o f  





ij (i)aλx .  














  … … … … … … … … … ( 4 )  cj88 As,cλa ∈∀+=
S i n c e  a 8  =  m i n  nS,}kt1:x{ t8 ∈≤≤  
We  c l e a r l y  h a v e  
k}S1,ni1:xx{maxd 8ijij ≤≤≤≤−=  
  }{ ni1:ax max iji ≤≤−=
  ( f r o m ( 3 ) , ( 4 ) a b o v e )  }{ cj8 Asc:λ max ∈=
  }{ cjS As:λ max c ∈=
 
H e n c e  r e s u l t .  
E . O . P  
 
L e m m a  5  















λr(11)(P .  
Wh e r e  .  jrnq −=
 
P r o o f   
We  h a v e  j
c
j rnA −= ,  h e n c e   i s  a n  jσ 1rn j −−  s i m p l e x .  
T h e  r e s u l t  t h e n  f o l l o w s  f r o m  L e m m a s  3 , 4 .  









N . B .  A l l  o f  t h e  a b o v e  p r o b a b i l i t i e s  a r e  c o n d i t i o n a l  i n  t h a t  w e  
a s s u m e  f i x e d  c  a n d  p a r t i t i o n  Π .  
W e  l e t   b e  t h e  p r o b a b i l i t y  t h a t  d ( S )  ( )λp c,Π λ≤ g i v e n  c  =  c ( S )  a n d  
t h e  p a r t i t i o n  Π .  
 








c pλp )(,  
 
P r o o f  
T h e  o n l y  c o n d i t i o n  w e  n e e d  t o  c h e c k  i s  i n d e p e n d e n c e ,  a s  i t  i s  
c l e a r  t h a t  kj,λdλd(S) j ∈∀≤⇔≤ .  
B u t  e a c h   i s  r a n d o m  p o i n t  i n   a n d  s o  c a n  t a k e  a n y  b a r y c e n t r i c  
c o o r d i n a t e s  i n d e p e n d e n t l y  o f  t h e  o t h e r  p o i n t s .  
jx jσ
E . O . P .  
T h e  p . d . f .  f o r  c  i s  1)!(nk)!n(nk
c)(1ck)!(nk 1nknnk
−−−
−− −−−  a s  c  i s  d i s t r i b u t e d  a s  a  
b e t a  d i s t r i b u t i o n  w i t h  p a r a m e t e r s  ( n - 1 ) ( k - 1 ) ,  n  .  
H e n c e  , g i v e n  t h e  p a r t i t i o n  Π ,  l e t   b e  t h e  p r o b a b i l i t y  t h a t  

















−= ∫  








































L e t   b e  t h e  p r o b a b i l i t y  t h a t  ( )λp λ  d(s) ≤  
T H E O R E M  ( N o t a t i o n  a s  a b o v e )  







































P r o o f  
T h e  s e t  o f  a l l  s u c h  p a r t i t i o n s  a r e  e x c l u s i v e  a n d  e x h a u s t i v e .  T h e  
R e s u l t s  f o l l o w s  a f r e r  a  s m a l l  a mo u n t  o f  a l g e b r a i c  m a n i p u l a t i o n .  
E . O . P  
3 . 5  E x a m p l e s  
W e  c o n s i d e r  t h e  c a s e  k = 2  a n d  c o m p u t e  p ( λ ) f o r  s o m e  v a l u r s  o f  n .  





We  h a v e  f o r  .em1,m
1
λ1m
1 <≤≤≤+  


























( )( ) ( )( ) ( )( )







































We  u s e d  R E D U C E  r u n n i n g  o n  a n  I B M  P S 2  t o  o b t a i n  t h e  c u m u l a t i ve  
p r o b a b i l i t y  f u n c t i o n  p (λ )  f o r  n = 3  t o  n  =  1 O  ( a l l  f o r  k  =  2  i . e .  2  
p o i n t s  i n  ) .  1n−∆
S o m e  s a m p l e  r e s u l t s  a r e  s h o w n  b e l o w .  
 
n  =  3  
[  0  ,  1  ]  x 2 ( 3 x 2 - 8 X + 6 )  
    
   n  =  4  
[ O ,  1 / 2 ]  -
5
2 x 3 ( 8 8 x 3 - 2 9  x 2 + 2 2 5 X - 8 0 )  
[  1 / 2 ,  1 ]  
5
1  ( 1 6 X 6 - 1 O 8 X 5 + 2 7 O X 4 - 9 2 O X 3 + 1 8 O X 2 - 3 6 x + 3 )  
 
4  A p p l i c a t i o n  
O n e  a p p l i c a t i o n  o f  d ( S ) , w h e r e  k  =  2  , i s  g i v e n  b y  d e c i s i o n  
m a k i n g  t e c h n i q u e s  u s i n g  p a i r w i s e  c o m p a r i s o n s  b e t w e e n  n  o p t i o n s .  
T h e  r e s u l t i n g  d e c i s i o n  i s  t h e n  u s u a l l y  e x p r e s s e d  i n  n o r m a l i z e d  




a s  a  p o i n t  i n  ∆ n - 1  .  
I f  t h e  n u m b e r  o f  o p t i o n s  i s  l a r g e  t h e n  s a m p l e s  o f  t h e  p a i r w i s e  
c o mpa r i s o n s  a r e  us u a l l y  t a ke n .  T h e  r e su l t i ng  no rma l i s ed  s co re s  f r om 
t h e  s a m p l e  c a n  b e  c o n s i d e r e d  a s  a p p r o x i m a t i o n s  t o  t h e  s c o r e  
i d e a l l y  o b t a i n e d  f r o m  u s i n g  a l l  t h e  c o m p a r i s o n s .  
O n e  m e t h o d  b y  w h i c h  t he  s a m p l e  s c o r e s  c a n  b e  a s s e s s e d  i s  t o  
m e a s u r e  t h e  c o n s i s t e n c y  o f  t h e  c o m p a r i s o n s  u s i n g  w e i g h t e d  
t r a n s i t i v i t y .  I f  t h e  c o n s i s t e n c y  i s  g o o d  t h e n  i t  i s  r e a s o n a b l e  t o  






t h e  n o r m a l i s e d  s c o r e s  f r o m t h e  s a m p l e  a r e  r e l i a b l e .  
H o w e v e r ,  i t  i s  c l e a r  t h a t  a  n o t i o n  o f  d i s t a n c e  i s  n e e d e d  w h i c h  
a l l o w s  s t a t e m e n t s  t o  b e  m a d e  c o n c e r n i n g  t h e  l i n k  b e t w e e n  
c o n s i s t e n c y  o f  t h e  s a m p l e  a n d  t h e  l i k e l y  c o n s e q u e n t  e r r o r .  A l s o  
d i f f e r e n t  s a m p l i n g  s c h e m e s  n e e d  t o  b e  a s s e s s e d .  
d ( S )  g i v e s  a  c l e a r  i d e a  o f  t h e  e r r o r  i n  t h a t  i f  
S  =  { x , y }  ,  t h e n  d ( S )≤ . 0 5  m e a n s  t h a t  n o  t w o  c o m p o n e n t s  d i f f e r  
m o r e  t h a n  . 0 5  o r  5 % .  
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NOT TO BE 
REMOVED 
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